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Abstract. Within the framework of Connes' noncommutative geometry, the notion of an 
almost commutative manifold can be used to describe field theories on compact Riemannian 
spin manifolds. The most notable example is the derivation of the Standard Model of high 
energy physics from a suitably chosen almost commutative manifold. In contrast to such a 
non-abelian gauge theory, it has long been thought impossible to describe an abelian gauge 
theory within this framework. The purpose of this paper is to improve on this point. We 
provide a simple example of a commutative spectral triple based on the two-point space, and 
show that it yields a (7(1) gauge theory. Then, we slightly modify the spectral triple such that 
I we obtain the full classical theory of electrodynamics on a curved background manifold. 

o 

1. Introduction 

^ The framework of Connes' noncommutative geometry [7] provides a generalization of ordinary 

If} Riemannian geometry. Within this framework, the notion of an almost commutative manifold 

(or an almost commutative geometry [12]) can be used to describe gauge field theories on 
Riemannian spin manifolds. Following a series of articles starting with [9, 1, 2] this led in [3] to 
a noncommutative geometrical description of the full Standard Model of high energy physics, 
including the Higgs mechanism and neutrino mixing. In fact, a non-abelian 5'L r (A^)-Yang-Mills 
gauge theory can be described simply by considering matrix-valued functions on a background 
Riemannian manifold M. A key role is played by the adjoint action of the group of unitary 
matrices on M : it acts as PSU (N) for N the rank of the matrices. 

This approach immediately raises a problem if one wishes to describe abelian gauge theories, 
since PSU(N) is trivial if JV = 1. In fact, it was long believed to be impossible to describe 
abelian gauge theories within the framework of noncommutative geometry. In this paper, we 
show that it is very well possible, and we construct a spectral triple (i.e. a noncommutative 
manifold) that describes a t/(l)-gauge theory and even the full theory of electrodynamics. 

In [13, Sect. 9.3] it is claimed that for commutative algebras the gauge fields (and hence 
the gauge group) are trivial. The proof is based on the claim that the left and right action 
appearing in the adjoint action can be identified for a commutative algebra. Though this claim 
holds in the case of the canonical triple describing a Riemannian spin manifold, it need not be 
true for arbitrary commutative algebras. The almost commutative manifold given in Section 3 
below provides a counter-example. 

This paper is organized as follows. We start by reviewing some definitions and results from 
noncommutative geometry, specializing to the case of almost commutative manifolds. We pay 
special attention to the form of the gauge group for such manifolds. Then, in Section 3 we 
consider the product of spacetime with a two-point space, however, from a noncommutative 
point of view, tracing back to the early noncommutative models [9] . Essentially, the Riemann- 
ian geometry of the product is the usual (commutative) one, but the spin (KO) dimension is 
different, very similar to [3]. 

In Section 4 we will show how the above example can be modified to provide a description of 
one of the simplest examples of a gauge theory in physics, namely electrodynamics. Because of 
its simplicity, it helps in gaining an understanding of the formulation of gauge theories in terms 
of almost commutative manifolds, and it provides a first step towards an understanding of the 
derivation of the Standard Model from noncommutative geometry [3]. 
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2. Spectral triples and gauge symmetry 

2.1. Spectral triples. In this section we shall briefly recall the notion of spectral triples. We 
shall follow the definitions as they appear in [10, Ch. 1, §10], for more details we refer to that 
book and the references therein. 

A spectral triple (A,T~L,D) is given by a unital *-algebra A represented faithfully as bounded 
operators on a Hilbert space H and a self-adjoint operator D (referred to as a Dirac operator) 
with compact resolvent and such that all commutators [D, a] are bounded for a £ A. Note that 
this implies that the ^.-module generated by operators of the form a[D,b] (a,b G -4) consists 
of bounded operators on %. These differential one- forms will play a key role later, as they will 
appear as gauge fields. We set accordingly: 

j 

A spectral triple might have additional structure such as a Z2-grading 7 on %, making A 
even, and Q^A) odd. Correspondingly, the Hilbert space decomposes as % = T~L + into 
the ±1 eigenspaces of 7. In this case, we will call the spectral triple even, otherwise it is odd. 

Furthermore, an (even) spectral triple has a real structure if there is an anti-linear isomor- 
phism J : 7i —s- % with J 2 = e, JD = e'DJ and, if the spectral triple is even, J7 = e"^J. The 
signs e, e' and e" determine the KO-dimension n modulo 8 of the spectral triple, according to 
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Moreover, the action of A is required to satisfy the commutation rule 

(2.1) [a,b°]=0 Va,beA, 
where we have defined the right action 6° of b on H by 

b° ■ = Jb*J~\ 

We also require such a commutation relation for ^^(A) with the right action of A, i.e. 

(2.2) [[D,a],b°]=0 Va, b € A. 

Example 2.1. The motivating example for the definition of spectral triples is the canonical 
triple. Let M be a compact Riemannian spin manifold. We then define the canonical triple by 

{A,H,D) = {C°°(M),L 2 (M,S),0), 

where S is the spinor bundle on M and ij) is the canonical Dirac operator given locally by 
— «7^V^. Here, V s is the Levi-Civita connection lifted to the spinor bundle. Due to the 
property [1ft, a] = —i c(da), we can identify the differential one-forms f^(C°°(M)) with DeRham 
differential one- forms (via Clifford multiplication c). 

If M is even dimensional (say of dimension m), we have a ^-grading "f m +l an d an anti- linear 
isometry Jm, which is the charge conjugation operator on the spinors. The Riemannian spin 
manifold M can be fully described by this canonical triple [8, 6]. 

Another special case of a spectral triple is a real even finite spectral triple, given by the data 

F := (A F , Kf, D f ,7f, Jf) , 

for a finite dimensional Hilbert space 'Hp. The operators Dp, 7f and Jf, as well as the action of 
the algebra Af, are now simply given by matrices acting od.%f, subject to the aforementioned 
(anti-)commutation relations. As a first result, we prove 
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Lemma 2.2. For any real even finite spectral triple F, we can write with respect to the decom- 
position Ji = JL + © H~ : 

KO-dimension 0: Jp = L^ j^j^ ^ or s y mme ^ r ^ c 3± £ U(T-C^); 
KO- dimension 2 : Jp = ( ^\ C for jj* = j*j = I; 
KO-dimension 4: Jp = f° r anti-symmetric j± 6 U{Ti ± ); 

KO-dimension 6 : Jp = y% j\ C for jj* = j* j = I. 

Proof. Let the operator C denote complex conjugation. Then any anti-unitary operator Jp can 
be written as UC, where U is some unitary operator on Tip. We then have J F = CU* = U T C, 
and JfJ f = UU* = I. The different possibilities for the choice of Jp are characterized by the 
relations J F = UCUC = UU = e and Jf7f = £ / ''JfJf. By inserting e, e" = ±1 according to the 
KO-dimension, the exact form of Jp can be directly computed by imposing these relations. □ 

We now combine the canonical triple for a spin manifold M with the finite spectral triple 
F to arrive at the noncommutative manifolds that are of particular interest in the context of 
particle physics. 

Definition 2.3. A real even almost commutative (spin) manifold M x F is described by 

(A,H,D) := (C°°(M,Af),L 2 (M,S) ®U F ,Ip®I + lm+1 ® Dp) , 

together with a grading 7 = 7 m +i <8> 7f and a real structure J = Jm <8> Jf- 

2.2. The gauge group. We would like to study the notion of 'symmetry' for almost com- 
mutative manifolds. The starting point is to define an equivalence of spectral triples. The 
symmetry is then revealed when it turns out that the bosonic and fermionic action functionals 
of a spectral triple are identical for equivalent spectral triples (see Section 2.4). We take our 
definition of equivalent spectral triples from [5] (cf. [13, §6.9]) but make a slight modification 
by incorporating the algebra isomorphism a. 

Definition 2.4. Two spectral triples (A\,'H\, D\) and (A2, H2, D2), with the associated rep- 
resentations TTj: Aj — > B(Hj) for j = 1,2, are unitarily equivalent if there exists a unitary 
operator U: %\ — > H2, called the intertwining operator, such that 

UD 1 U* = D 2 ; Uin(a)U* = 7r a (a(o)); (aeA), 

where a is an algebra isomorphism Ai — > A2- 

If the two triples are even with grading operators 71 and 72 , one also requires that Uji U* = 
72. If the two triples are real with real structures J\ and J2, one also requires that U J\U* = J2. 

Note that for a discussion of the equivalence of spectral triples, it is good to explicitly mention 
the representation of the algebra on the Hilbert space, since the intertwining operator affects 
this representation. Let us now consider two basic examples of intertwining operators. 

Proposition 2.5. The following two spectral triples are equivalent to (A, TL, D, 7, J) with rep- 
resentation it: A — > B(H): 

(1) (A, Ti, UDU*,j, UJU*) with representation tt o a u for U = ir(u) with u £ U{A); 

(2) (A, H, UDU*,^, J) with representation ir o a u for U = Tr(u)Jir(u)J* with u S U (A), 
where a u is the inner automorphism of A given by a u (a) := uau* . 

Proof. (1) We only need to check that U^{a)U* = tt o a u (a) and UjU* = 7. The latter 
relation is evident since the grading operator 7 commutes with the algebra. We also see 
that 

Uir(a)U* = n(u)ir(a)ir(u)* = ir(uau*) = tt o a u (a). 
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(2) First, we easily see from (2.1) that U = ir(u)ir(u*) is a unitary operator. The relation 
UjU* = 7 holds since tt(u)Jtt(u)J*j = (e") 2 ^7r(u)J7r(u)J*. Since ir(u*)° commutes 
with 7r(o), we find that 

Uir(a)U* = 7r(u)7r(a)7r(u)* = ir o a u (a). 

Using the property ir(a)°J = Jir(a*) for all a£i, one can check that UJU* = J. □ 

In the first case of Proposition 2.5, the intertwining operator U is given by left multiplication 
with an element of the unitary group U(A). In the second case, the action of the operator U 
on a vector £ G T~L can be written as U£ = u^u* , since we identify J-uJ* with the right action 
of u* . This case is especially interesting because we see that the intertwining operator has no 
effect on J. Thus, the group generated by all operators of the form U = uJuJ* characterizes 
all equivalent spectral triples {A,%,UDU* ,^f,J), in which only the Dirac operator is affected 
by the unitary transformation. 

Definition 2.6. The gauge group Q{A) of a real spectral triple (A,rl, D, J) is defined by 

G(A) := {U = uJuJ* | u G U(A)} . 

Before we continue to evaluate the exact form of this gauge group, we first consider the 
following subalgebras of A: 

Aj := {a G A | a J = Ja}, 
(2.3) Aj := {a G A \ aJ = Ja*}. 

The definition of Aj is taken from [3, Prop. 3.3] (cf. [10, Prop. 1.125]); it is a real commutative 
subalgebra in the center of A. We have provided a similar but different definition for Aj, 
since this subalgebra will turn out to be very useful for the description of the gauge group in 
Proposition 2.8. Note that a J = Ja* if and only if a = a , i.e. if and only if its left and right 
action on Ti coincide. 

Proposition 2.7. For a complex algebra A, the subalgebra Aj is an involutive commutative 
complex subalgebra of the center of A. 

Proof. Since we must have [a, b°] = for any a,b G A, we have [a, b] = for any a G A and 
b G Aj, so Aj is contained in the center of A. The requirement a = a is complex linear, and 
also implies that a* = (a )* = (a*) , so we have a* G Aj for a G Aj. Finally, we check that for 
a, b G Aj, we find (ab)° = b°a° = ba = ab, so ab G Aj. □ 

Proposition 2.8. There is a short exact sequence of groups 

1 -»■ U(Aj) -> U(A) -> -> 1, 

where Aj is defined in (2.3). 

Proof. The map Ad: f/(4) — > £7(4) given by u i— )■ ii(u*)° is surjective by definition. The 
commutation relation (2.1) implies that Ad is a group homomorphism. Its kernel is given by 
elements u G U(A) for which u(u*)° = 1. In other words, Ker Ad consists of all unitary elements 
in4j. □ 

From Proposition 2.7 we know that Aj is a subalgebra of the center of 4. If we denote by Z 
the subgroup of U(A) that commutes with 4, then the group U(Aj) of the previous proposition 
is contained in Z. The quotient U(A)/Z yields the group Inn(4) of inner automorphisms of 
the algebra. Proposition 2.8 then implies that in general, the gauge group Q{A) is larger than 
Inn(4). If U(Aj) is equal to Z, we have in fact Inn(4) — Q{A). 
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2.3. Inner fluctuations and gauge transformations. In this section we will first define the 
inner fluctuations of a spectral triple. These inner fluctuations arise from considering Morita 
equivalences between algebras. For a detailed discussion, we refer to [5] or [10, Ch. 1, §10.8]. In 
this section, we will simply give the definition. 

Recall the Connes' differential one-forms Q\)(A), spanned by operators of the form a[D,b] 
(with a, b G A). For a real spectral triple (endowed with a real structure J) we may replace D 
by 

D A := D + A + e'JAJ- 1 , 

for a selfadjoint A = A* G Qp. The elements A are called the inner fluctuations of the spectral 
triple. 

In Proposition 2.5 we have seen that an element U = uJuJ* G G{A) transforms the Dirac 
operator as D — > UDU* . Let us now consider the effect of this transformation on the fluctuated 
Dirac operator Da = D + A + e'JAJ*. A direct calculation shows that Da > UDaU* is 
equivalent to a transformation on A of the form 

A u := uAu* +u[D,u*] G Q} D . 

In other words, the transformation of a fluctuated Dirac operator can again be written in the 
form of a fluctuated Dirac operator. This only works because we have restricted U(A) to the 
gauge group Q(A), to make sure that the conjugation operator J remains unchanged. The 
resulting transformation on the inner fluctuation A —> A u shall be interpreted in physics as the 
gauge transformation of the gauge field. 

2.4. The action functional. In the previous sections, we have recalled spectral triples and 
their symmetries. It is now time to introduce interesting invariant functionals on them. 

Definition 2.9 (Chamseddine-Connes [1]). Let (A,H,D) be a spectral triple as above. The 
spectral action of a real spectral triple is defined by 

* M :_*(,(£)), 

where / is a positive even function, A is a cut-off parameter and Da is the fluctuated Dirac 
operator. 

The spectral action describes only the action for the (bosonic) gauge fields. For the terms 
involving fermions and their coupling to the bosons, we need something extra. The precise form 
of the fermionic action depends on the KO-dimension of the spectral triple. For the purpose of 
this paper, we will only consider the case of KO-dimension 2 and give the fermionic action for 
this case. Referring to the sign table in Section 2.1, we thus have the relations 

J 2 = -1, JD = DJ, J 7 = - 7 J. 

We use the decomposition % = 7i + © H~ by the grading 7. Following [3] (cf. [10, Ch. 1, §16.2- 
3]) the relations above yield a natural construction of an anti-symmetric bilinear form on H + , 
given for £, £' G W. + by 

where ( , ) is the inner product on T~L. We define the set of classical fermions corresponding to 

H+:={£;\UU + }, 
as the set of Grassmann variables £ for £ G 7~l + . 

Definition 2.10. For a real even spectral triple (.A, H,D, 7, J) of KO-dimension 2 we define 
the full action functional by 

S[A,£\ := S b [A] + S f [A,(] := Tr (f(~)) + ~(JId A Z), 
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for £ € n+ v 

The factor 1/2 in front of the fermionic action Sf has been chosen for future convenience. 
The action functional S[A, £] is invariant under unitary transformations; in fact, it is invariant 
under transformations of the gauge group Q{A). 

Note that we have incorporated two restrictions in the fermionic action Sf. The first is that 
we restrict ourselves to even vectors in H + , instead of considering all vectors in %. The second 
restriction is that we do not consider the inner product (J£',Da£) for two independent vectors 
£ and but instead use the same vector £ on both sides of the inner product. Each of these 
restrictions reduces the number of degrees of freedom in the fermionic action by a factor 2, 
yielding a factor 4 in total. It is precisely this approach that solves the problem of fermion 
doubling pointed out in [14] (see also the discussion in [10, Ch. 1, §16.3]). 

2.4.1. The heat expansion. For future purpose, let us recall some results on heat kernel expan- 
sions. For more details we refer the reader to [11]. Suppose we have a vector bundle Eona 
compact Riemannian manifold M, and a second order differential operator H : T{E) — > T(E) of 
the form H = A E — Q, where A E is the Laplacian of some connection on E and Q £ T(End(i?)). 
For a generalized Laplacian H on E we have the following asymptotic expansion (as t — > 0), 
known as the heat expansion [11, §1.7]: 

fc>0 

where m is the dimension of the manifold, the trace is taken over the Hilbert space L 2 (M,E) 
and the coefficients of the expansion are given by 

a k (H) := [ a k (x,H)^/\g\d m x. 
Jm 

The coefficients ak(x,H) are called the Seeley-DeWitt coefficients. We also state here without 
proof Theorem 4.8.16 from [11]. Note that the conventions used by [11] for the Riemannian 
curvature R are such that g w g va R^pa is negative for a sphere, in contrast to our own conven- 
tions. Therefore we have replaced s = —R. Furthermore, we have used that f-^ = —Af for 
/ e C°°(M). 

Theorem 2.11 ([11], Theorem 4.8.16). For a generalized Laplacian H = A E — Q the first three 
non-zero Seeley-DeWitt coefficients are given by 

a (x,H) = (4tt)-t Tr(Id); a 2 (x,H) = (4tt)-t Tr (| + Q) 
a 4 (x, H) = (iTr)-f -!-Tr( - 12As + 5s 2 - IR^BT + 2R tlvpa R^P a 

oDU 

+60sQ + 180Q 2 - 60AQ + 30^0^), 

where the traces are now taken over the fibre E x . Here s is the scalar curvature of the Levi- 
Civita connection V, A is the scalar Laplacian and Q E is the curvature of the connection V E 
corresponding to A E . 

Now, assume that the square of the fluctuated Dirac operator Da is of the form A E — Q for 
some vector bundle E. Applying the heat expansion on Da 2 then yields (as t — > 0): 

Tr(e-^ 2 )~^^a fc (^ 2 ), 

k>0 

where the Seeley-DeWitt coefficients are given by Theorem 2.11. Then, on writing / as a Laplace 
transform, we obtain in the case of a 4-dimensional manifold asymptotically (as A — > oo): 

(2.4) Tr (/(^)) ~ 2UA A a (D A 2 ) + 2f 2 A 2 a 2 (D A 2 ) + a±(D A 2 )f(0) + 0(A _1 ), 

where fj = f(v)v 3 dv are the momenta of the function / for j > 0. 
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Example 2.12. For the canonical triple of a 4- dimensional spin manifold M, we obtain (see 
[10, Theorem 1.158]) 

Tr (/(f)) J^Mig^VWld'x + OiA- 1 ), 

where the gravitational Lagrangian Cm is given by 

Cm(9,u) ■= 2/ 4 A 4 - \h^ 2 s + /(0) As - ± Cflvpa C^ + ^R*R* 

The first two terms yield the Einstein-Hilbert action including a cosmological constant. In 
addition, we obtain a higher-order contribution from the Weyl gravity term Cp iVpc! C ilupa , as well 
as a boundary term As and a topological contribution from R*R* . 

3. The two-point space 

In this section we will provide a simple example of an almost commutative manifold, based 
on the product of a spin manifold M with a two-point space X. The spectral triple describing 
this example will have a commutative algebra. As mentioned in the introduction, it has been 
claimed [13, Sect. 9.3] that the inner fluctuation A + JAJ* vanishes for commutative algebras. 
The proof is based on the claim that the left and right action can be identified, i.e. a = a , for 
a commutative algebra. Though this claim holds in the case of the canonical triple describing a 
spin manifold, it need not be true for arbitrary commutative algebras. The spectral triple given 
in this section provides a counter-example. 

What can be said for a commutative algebra, is that there exist no non-trivial inner au- 
tomorphisms. It is thus an important insight here that the gauge group G(A), as defined in 
Definition 2.6, is larger than the group of inner automorphisms, so that a commutative spectral 
triple may still lead to a non-trivial gauge group. In fact, we will show that our example given 
below describes an abelian U(l) gauge theory. 

3.1. A two-point space. We shall consider a finite spectral triple F x corresponding to the 
two-point space X = {x,y}. A complex function on this space is simply determined by two 
complex numbers. The algebra of functions on X is then given by C(X) = C 2 . Let us consider 
the even finite spectral triple F x given by 

(C(X),H F ,D F , 7F ). 

We require that the representation C(X) —> B(T~Lp) is faithful, which implies that the Hilbert 
space T~Lf must be at least 2-dimensional. Thus, the simplest possible choice is to take Hf = C 2 . 
We use the Z2-grading 7^ to decompose Hf = © 7-L F = C © C into the two eigenspaces 
T~L~p = {ip € Hf I TfV* = i^}- Hence, we can write 

1 



IF 



-1 



Because of the relations [7^,0] = and Dp'jF = —IfDf, the self-adjoint Dirac operator must 
be off-diagonal and the action of an element a £ Af on ip £ Hp can be written as 

M *= (°o + «° ) {t 

Thus, the even finite spectral triple F x we will study in this section is given by 
(3.2) (A F ,n F ,D F ,7F) = (c 2 ,C 2 , 

for some complex parameter t G C, and with the representation of Af on T~Lp given by (3.1) 



t\ 1 
t ' lo -1 



Proposition 3.1. The even finite spectral triple F x given by (3.2) can only have a real structure 
ifD F = 0. 
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Proof. We must have J F 2 = £ and JfIf = £"jfJf, and we shall consider all possible (even) K0- 
dimensions separately. Thus, we apply Lemma 2.2 to the finite spectral triple F x given above 
and, for each even KO-dimension, also impose the relations [a,b°] = and [[D F ,a],b°] = 0. 
This gives: 

KO-dimension 0: 

We have J F = \j+ ®\c for j± G U(l). For b = r + ® J we then obtain 



' 



b, 



and see that this indeed commutes with the left action of a G C 2 . Next, we check the 
order one condition 

0= [[D F ,a),b°] = (a+-a-)(b+-b-)D F . 

Since this must hold for all a,b G C 2 , we conclude that we must require D F = 0. 
KO-dimension 2: 

We have J F = (®. C for j G 17(1). We now obtain 

'jb-J \ _ (h- 
jb+]J ~ V 6 + 

and see that this indeed commutes with the left action of a G C 2 . Next, we check the 
order one condition 

0= [[D F ,a),b°] = (a + -a„)(b_-b + )D F . 

Again we conclude that we must require D F = 0. 
KO-dimension 4: 

We have J F of the same form as in KO-dimension 0, but now with j± = —j± G U(l). 
This implies that j± =0, so the given finite spectral triple cannot have a real structure 
in KO-dimension 4. 
KO-dimension 6: 

We have J F = ^ qJ C for j G U(l). We again obtain 

,o = fjb-j _\ (b- 

just as for KO-dimension 2. Hence again the commutation rules are only satisfied for 
D F = 0. □ 



3.2. The almost commutative manifold. Let us now consider the product of the finite spec- 
tral triple F x of the two-point space, as described by (3.2), with the canonical triple describing 
a compact Riemannian spin manifold M, as in Example 2.1. From here on we will take M to 
be 4-dimensional. Thus we consider the almost commutative manifold M x F x given by the 
data 

M x F x := (C°°(M,C 2 ),L 2 (M,5)®C 2 ,00I,75®7F, Jm ® Jf), 

where we still need to make a choice for J F . The algebra of this almost commutative manifold 
is given by C°°(M,C 2 ) ~ C°°(M) C°°(M) ~ C°°(M x X). Thus, the underlying space 
:= M x X ~ MUM consists of the disjoint union of two identical copies of the space M, and 
we can write C°°(N) = C°°(M) © C°°(M). We can also decompose the total Hilbert space as 
H = L 2 (M,S)®L 2 (M,S). For a,b G C°°(M) and V,</> G L 2 (M,S), an element (a, b) G C°°(N) 
then simply acts on (ip, 4>) G H as (a, b)(ip, <f>) = (aip, b(p). 
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3.2.1. Distances. To any spectral triple (A,H,D) one can associate a distance function on the 
space of states on A: 

d D (p,q) = sup {\p(a)-q(a)\: a G A, || [D, a] || < 1}, 

For the canonical triple, A = C°°(M) whose state space is homeomorphic to M. It turns out 
that djp is equal to the geodesic distance d g between points p and q on M. 

We will use this formula as a generalized notion of distance, so on our finite spectral triple 
F x we can write 

dD F (x,y) = sup{|a(x) - a(y)\ : a G Af, l|[AF,a]|| < 1} • 

Note that we now have only two distinct points x and y in the space X, and we shall calculate 
the distance between these points (cf. [13, Sect. 6.8]). An element a G C 2 = C(X) is specified 
by two complex numbers a(x) and a(y) and its commutator with Dp becomes 

[D F , a] = (a(y) - a{x)) \% ^ . 

The norm of this commutator is \a(y) — a(x)\ \t\, so ||[£)i?,a]|| < 1 if and only if \a(y) — a(x)\ < 4-. 
We thus obtain that the distance between the two points x and y is given by 

dD F {x,y) = nr. 

If there is a real structure Jp, we have t = by Proposition 3.1, so then the distance between 
the two points becomes infinite. 

Let p be a point in M, and write (p, x) or (p, y) for the two corresponding points in N = 
M x X. A function a G C°°{N) is then determined by two functions a x ,a y G C°°(M), given by 
O'xip) '■= o,(p,x) and a y (p) := a(p,y). Now consider the distance function on given by 

djp®i(ni,n 2 ) = sup (|a(ni) - a(n 2 )| : a £ A, \\ [ifi (g> I, a] || < l} . 

If rii and ri2 are points in the same copy of M, for instance if n\ = (p, x) and n 2 = (q, x) for 
points p,q G M, then their distance is determined by \a x {p) — a x (q)\, for functions a x G C°°(M) 
for which || a^H < 1. Thus, in this case we obtain that we recover the geodesic distance on 
M > Le - d 0®i(ni,n 2 ) = d g (p,q). 

However, if n\ and n 2 are points in a different copy of M, for instance if n\ = (p, x) and 
n 2 = (q,y), then their distance is determined by \a x (p) — a y (q)\ for two functions a x ,a y G 
C°°(M), such that Hf^),^]!! < 1 and ||[0,aj,]|| < 1. These latter requirements however yield no 
restriction on \a x {p) — 0^(^)1, so in this case the distance between n\ and n 2 is infinite. We thus 
find that the space N is given by two disjoint copies of the Riemannian manifold M, which are 
separated by an infinite distance. 

3.3. U(l) gauge theory. We would now like to derive the gauge theory that corresponds to 
the almost commutative manifold M x F x . Recall that the gauge group Q{A) is given by the 
quotient U(A) /U(Aj), so if we wish to obtain a nontrivial gauge group, we need to choose J 
such that U (Aj) ^ U(A). By looking at the form of Jp for the different (even) KO-dimensions, 
as given in Section 3.1, we conclude that F x must have KO-dimension 2 or 6. In analogy with 
the noncommutative description of the Standard Model [3] we choose to work in KO-dimension 
6. The almost commutative manifold M x F x then has KO-dimension 6 + 4 mod 8 = 2. This 
means that we can use Definition 2.10 to calculate the fermionic action. Therefore, we will 
consider the finite spectral triple F x given by the data 

F x := (Af,Hf,Dp, 1f ,Jf) := (c 2 ,C 2 ,0, 

which define a real even finite spectral triple of KO-dimension 6. Now, let us derive the gauge 
group. 

Proposition 3.2. The gauge group Q{Af) of the two-point space is given by U(l). 



(o-i)'(c o))' 
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Proof. First, note that U{A F ) = £7(1) x U(l). We will show that U((A F )j F ) = U{A F ) n 
(A F )j F ~ £7(1) so that the quotient £/(Af) c± £7(1) as claimed. Indeed, for a 6 C 2 to be in 
(Af)j f it has to satisfy J F a*J F = a. Since 



r * T * fO C\ (a x 0\ (0 C\ (a 2 0\ 
J F a J F = ^ Q j _ J ^ Q j = fl J 



this is the case if and only if a\ = a 2 . Thus, {A F )j F — C whose unitary elements form the 
group U(l), contained in U(A F ) as the diagonal subgroup. □ 

We will now derive the gauge field for the almost commutative manifold M x F x . Thus, we 
need to calculate the inner fluctuations of the Dirac operator. For a,b £ C°°(M, C 2 ), an inner 
fluctuation A takes the form 

A = a[D, b] = a[J0 <g> I, b] = ® ad^b =: 7 M <g> A M , 

where we have defined the hermitian field A^ £ C°° (M, M 2 ) . Using the relation Jm7^ = —J^Jm, 
the total inner fluctuation is then given by 

(3.3) A + JAJ* = 7 ^ <g> (A„ - J F A^J* F ) =: 7^ ® B^. 

fx 1 \ 

An arbitrary hermitian field of the form A^ = iad^b would be given by ^ ^ -gij > f° r two £^(1) 
gauge fields Xh,X% € C 0O (M,K). However, A^ only appears in the combination 

B, - a„ - Wf - _ ^) - (f ,»,) =: ) = r„. 7 „ 

where we have defined the 17(1) gauge field := Xj^-X 2 G C°°(M,K) = C°°(M, iu(l)). Thus, 
the fact that we only have the combination A + JAJ* effectively identifies the £7(1) gauge fields 
on the two copies of M, so that A^ is determined by only one £7(1) gauge field. We summarize: 

Proposition 3.3. The inner fluctuations of the almost commutative manifold Mx Fx described 
above are parametrized by a U(l)-gauge field as 

D^D' = D + 7% <g> lF . 

The action of the gauge group Q{A) — C°°(M, £7(1)) on D' by conjugation is implemented by 

Y^Y^-iud^u*, (ueg(A)). 

So far we have seen that the almost commutative manifold M x F x describes a gauge theory 
with local gauge group £7(1), where the inner fluctuations of the Dirac operator provide the £7(1) 
gauge field Y^. The question arises whether this model is suitable for a description of (classical) 
electrodynamics. There appear to be two problems, even before considering the fermionic action 
Sf explicitly. First, by Proposition 3.1, the finite Dirac operator Dp must vanish. However, we 
want our fermions to be massive, and for this purpose we need a finite Dirac operator that is 
non-zero. 

Second, from [4, Ch.7, §5.2], we find the Euclidean action for a free Dirac field: 



(3.4) S = - I tyWdp - m)^d A x, 

where the fields ip and ip must be considered as totally independent variables. Thus, we require 
that the fermionic action Sf should also yield two independent Dirac spinors. Let us write 
{e,e} for the set of orthonormal basis vectors of Hf, where e is the basis element of Hp and 
e of Hp. Note that on this basis, we have Jpe = e, Jp~e = e, jfc = e and jF~e = — e. The 
total Hilbert space % is given by L 2 (M,S) ®TIf- Since we can also decompose L 2 (M,S) = 
L 2 (M, 5) + ®L 2 (M, S)~ by means of 75, we obtain that the positive eigenspace H + of 7 = 7s(8>7f 
is given by 

U + = L 2 (M, S) + ®n F ® L 2 (M, S)~ ® n F . 
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An arbitrary vector £ E % + can then uniquely be written as 

£ = ipL ® e + ^ij <g> e, 

for two Weyl spinors ipp £ L 2 (M,S) + and ^ S L 2 (M, 5)~. One should note here that this 
vector £ is completely determined by only one Dirac spinor ip := ipL+tpRi instead of the required 
two independent spinors. Thus, the restrictions that are incorporated into the fermionic action 
of Definition 2.10 are such that the present example is in fact too restricted. 



4. Electrodynamics 

4.1. The finite spectral triple. Inspired by the previous section, which shows that one can 
use the framework of noncommutative geometry to describe a gauge theory with the abelian 
gauge group U(l), we shall now attempt to describe the full theory of electrodynamics. There 
are two changes we need to make to the U(l) gauge theory of the previous section. We need to 
incorporate a non-zero finite Dirac operator Dp to obtain mass terms for the fermions, and we 
also need to obtain two independent Dirac spinors in the fermionic action. Both these changes 
can be simply obtained by doubling our finite Hilbert space. 

We start with the same algebra C°°(M, C 2 ) that corresponds to the space N = M x X ~ 
M U M. The finite Hilbert space will now be used to describe four particles, namely both 
the left-handed and the right-handed electrons and positrons. We will choose the orthonormal 
basis {ep, ep, ep, ep} for T-Lp = C 4 , with respect to the standard inner product. The subscript L 
denotes left-handed particles, and the subscript R denotes right-handed particles, and we take 
= e L and j F e R = sr. 

We will choose Jp such that it interchanges particles with their anti-particles, so J pen = ep 
and J pep = §£■ As in Section 3.3, we will choose the real structure such that is has KO- 
dimension 6, so we have J F = I and JfJf = —jfJf. This last relation implies that the element 
e# is left-handed and ep is right-handed. Hence, the grading and the conjugation operator 
Jp are given by 



IF 



(\ o o\ 
0-100 
0-10 

\0 1/ 



Jf 



/o c o\ 
c 
C 

\0C0 j 



The grading 7^ decomposes the Hilbert space Hp into Hp (BHr, where the bases of Hl and 
Hp are given by {ep,ep} and {ep,ep}, respectively. We can also decompose the Hilbert space 
into W e 9"He, where H e contains the electrons {e^, e#}, and Tie contains the positrons {ep, ep}. 

The elements a 6 Af = C 2 are now represented on the basis {ep, ep,^,ep} as 



(4.1) 



/oi \ 
at 
a 2 
\ a 2 ) 



Note that this representation commutes with the grading, as it should. We can also easily check 
that [a, b°] = for b° := Jpb*J F , since both the left and the right action are given by diagonal 
matrices. For now, we will still take Dp = 0, and hence the order one condition is trivially 
satisfied. We have now obtained the following result: 

Proposition 4.1. The real even finite spectral triple 



F F 



\0,7f,Jf) 



as given above defines a real even finite spectral triple of KO- dimension 6. 
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4.1.1. A non-trivial finite Dirac operator. Let us now consider the possibilities for adding a 
non-zero Dirac operator to the finite spectral triple F ED . Since Dp^p = —^fD f , the Dirac 
operator obtains the form 

/0 did 2 \ 
di d 3 
d 2 d 4 
\ d 3 d A J 



Dp 



Next, we impose the commutation relation DpJp 
order one condition, we calculate 



J F Dp, which implies d% = d A . For the 



[D F , a] = (oi - a 2 ) 





da 



V o d 3 



-d 2 






o \ 

-d 3 



J 



which then imposes the condition 



0= [[Dp,a],b° 



/o 

_0 

d 2 



d 2 \ 
d 3 




(d - a 2 )(6 2 - &i) 

V d 3 / 

Since this must hold for all a,b £ C 2 , we must require that d 2 = d 3 = 0. To conclude, the Dirac 
operator only depends on one complex parameter and is given by 

/0 d 0\ 
d 
d 
\0 d 0/ 

From here on, we will consider the finite spectral triple F ED given by 



(4.2) 



Dp 



,C i ,D F ,^ F , J F ). 



4.2. The almost commutative manifold. By taking the product with the canonical triple, 
our almost commutative manifold (of KO-dimension 2) under consideration is given by 

: 2 ), L 2 {M, S) (8) C 4 , Jt) <g> I + 75 ® D F , 75 ® 7F , J M ® J F ) ■ 



M x F F 



(C°°(M, 



As in Section 3, the algebra decomposes as C°°(M,C 2 ) = C°°(M) C°°(M), and we now 
decompose the Hilbert space as U = (L 2 (M, S) 8) U e ) © (L 2 (M, S) <S> Hi). The action of the 
algebra on T~L, given by (4.1), is then such that one component of the algebra acts on the electron 
fields L 2 (M, S) (g> W e , and the other component acts on the positron fields L 2 (M, S) (g> He- 
The derivation of the gauge group for F ED is exactly the same as in Proposition 3.2, so again 



we have the finite gauge group Q(Ap) 
form 



~ U(l). The field := - J F A^J F now takes the 



(4.3) 




















for Y fl (x) G 



Thus, we again obtain a single U(l) gauge field Y„, carrying an action of the gauge group 
6(A) ^ C°°(M, 17(1)) (as in Proposition 3.3). 

As mentioned before, our space TV" consists of two copies of M, and the distance between these 
two copies is infinite (cf. Section 3.2). Now, we have introduced a non-zero Dirac operator, but 
it commutes with the algebra, i.e. [Dp, a] = for all a £ A. Therefore, the distance between 
the two copies of M is still infinite. 
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To summarize, the U(l) gauge theory arises from the geometric space N = MUM as follows. 
On one copy of M, we have the vector bundle S (g) (M x H e ), and on the other copy the vector 
bundle 5 ® (M x He). The gauge fields on each copy of M are effectively identified to each 
other. The electrons e and positrons e are then both coupled to the same gauge field, and as 
such the gauge field provides an interaction between electrons and positrons. 

4.3. The Lagrangian. We are now ready to explicitly calculate the Lagrangian that corre- 
sponds to the almost commutative manifold M x F ED , and we will show that this yields the 
usual Lagrangian for electrodynamics (on a curved background manifold), as well as a purely 
gravitational Lagrangian. The action functional for an almost commutative manifold, as defined 
in Definition 2.10, consists of the spectral action Sb and the fermionic action Sf, which we will 
calculate separately. 

4.3.1. The spectral action. Before we can calculate the spectral action, we first need to study 
the fluctuated Dirac operator in a little more detail. As in (3.3), we have A + J A J* = 7^ ® B^, 
where now is given by (4.3). This allows us to rewrite the fluctuated Dirac operator in the 
form 

D A = $ ® I + 7^ <g) Bf, + 75 ® D F = -vf ® Vj + 75 ® D F , 
where we have defined a new connection V E by 
(4.4) Vj = Vj ® I + tl ® Bp,. 

For the square of the fluctuated Dirac operator, we obtain by direct calculation that 

D A 2 = A E -Q, 

where A E is the Laplacian of the connection V s , and where Q G T(End(M x Hf)) is given by 

Q = -- s ® I - I ® D F 2 + -i-f'f ® iV 
Here we have defined the curvature Fn V of the field B^ as F^ := d fJi B u — d v B^. 
Proposition 4.2. The spectral action of the almost commutative manifold 

M x F ED = (C°°(M, <C 2 ), L 2 (M, S) ® C 4 , J]) ® I + 75 ® D F , 75 ® 7F , J M ® J F ) 
is given by 

Tr (/(x)) ~ i ^ F m) + ^(A- 1 ), 

/or 

Here Cm(9uv) is defined in Example 2.12. Cy gives the kinetic term of the U(l) -gauge field 
and equals 

C Y {Yp) := j^/(0) 

where we have defined the curvature Fp U of the field as T^ v := d^Y u — d u Yp. The Biggs 
potential Ch (ignoring the boundary term) only gives two constant terms which add to the 
cosmological constant, plus an extra contribution to the Einstein- Hilbert action: 

C H ( 9 ,u) ■= -8/ 2 A 2 |of + 2/(0)|d| 4 + lf(0)s\d\ 2 . 

Proof. Since D A 2 is of the form A E - Q, we obtain the heat expansion of the spectral action 
from (2.4). Thus, we only need to calculate the Seeley-DeWitt coefficients from Theorem 2.11. 
The trace over the Hilbert space Tip yields an overall factor 4 = dimHp, so we obtain 

a (x,D A 2 ) = 4a o (x,0 2 ). 
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For the second coefficient we have 

a 2 (x, D A 2 ) = 4a 2 (x, 2 ) + -^Tr ( — I® Dp 2 + \i-f-f ® 

Since ^(7^7^) = Ag^ and i^i/ is anti-symmetric, the trace over the last term vanishes. From 
(4.2) we easily see that Dp 2 = \d\ 2 l, so we obtain 

a 2 (x,D A 2 ) = 4a 2 (x,lp 2 )- ld ^. 

For the last coefficient, we need the curvature Vt E v of the connection V E of (4.4). Its square is 
given by 

n E u n Eflu = n s ^n sl " u ® i - 1 ® f^f^ + 2.0^ ® f^, 

where the last term is traceless. We also obtain a contribution from Q 2 , which is given by 

11 1 

Q 2 = —s 2 ® I + I ® L> F 4 - -'f'f'f'f ® ^ui/^po- + ^ ® D F 2 + traceless terms, 
lb 4 2 

We shall ignore the boundary term AQ. The last Seeley-DeWitt coefficient is then given by 



a 4 (x, Z) A 2 ) = 4a 4 (x, $ 2 ) + — ^— Trf - 60s ® D F 2 + 180 (I £> F 4 

l07T z 3o0 



Tr ( - 7 7 M 7 l/ 7V ® i^i^) = 2Tr(F flv F» v ) = . 



- ^7 M 7 V7 CT 8> F^/Fp(j + ® D F 2 ) - 301 ® F^F^" ) . 

Using the trace identity 

Tr^VW) = <T <T " ^V 7 + 

along with the anti-symmetry of i 7 ^, we calculate that 

1 
4 

We thus obtain the final coefficient as 

a 4 {x,D A 2 ) = 4a 4 (x, ij) 2 ) + ^s\d\ 2 + ^\d\ A + JLj^". 

The result now follows from inserting these Seeley-DeWitt coefficients into the asymptotic 
expansion (2.4), where we realize that the coefficients a&(-0 ) yield the gravitational Lagrangian 
C M of Example 2.12. □ 

4.3.2. The fermionic action. We have written the set of basis vectors of Hp as {ep-, eR,e~Z, en}, 
and the subspaces 'Hp and H F are spanned by {eL,ep} and {eR,eZ}, respectively. The to- 
tal Hilbert space H is given by L 2 (M,S) ® Hp. Since we can also decompose L 2 (M,S) = 
L 2 (M, S) + © L 2 (M, S)~ by means of 75, we obtain 

H + = L 2 (M, S) + ®H F (B L 2 (M, S)~ © H F . 

A spinor ip G L 2 (M, S) can be decomposed as ip = ipp + i^r. Each subspace H^ is now spanned 
by two basis vectors. A generic element of the tensor product of two spaces consists of sums of 
tensor products, so an arbitrary vector £ 6 H + can uniquely be written as 

(4.5) £ = xl ® e L + xr ® e R + ^i? ® el" + ip L ® 

for Weyl spinors xl> G L 2 (M,S) + and xr, ^ii G L 2 (M, S)~ . Note that this vector (e«+ 
is now completely determined by two Dirac spinors x := XL + X-R an d V 7 := + ^R- 

Proposition 4.3. The fermionic action of the almost commutative manifold 

M x F ED = (C°°(M,£ 2 ),L 2 (M,S)®C\iP®I + j 5 ®Df, 75 ® 1 f,J m © J f ) 

is given fry 

= -^( j mX,7 m (V^ -iY^) + {JmXlA^l) ~ (JmXr^^r). 
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Proof. The fluctuated Dirac operator is given by 

D A = T]) <g> I + 7^ <g> + 75 ® D F . 
An arbitrary £ G % + has the form of (4.5), and then we obtain the following expressions: 
J£ = JmXl <8> eZ + JmX-R ® + Jm^a <8> e L + JmV'l ® e R; 
(Ip (8) I)f = 0xl ® e L + ® e R + ® el + ® ejj, 
(7 M 8> = 7 M XL ® + 7 M Xi? 8) - ^ip R ® Y^ez - 7 ^L <8 i^eje, 
(75 <g> Dp)^ = 75XL ® de R + 75XR ® de L + j 5 ip R <8> de^ + 75^ <8) de^. 
We decompose the fermionic action into the three terms 

d a o = (ip ® 1)0 + {r ® + (75 ® i>f)o, 

and then continue to calculate each term separately. The first term is given by 

-(J£,(#®I)0 = ^(JmXl,^r) + \(JmXr,^l) + \{Jm^r,JJ)xl) + \(Jm^l,iPxr)- 

Using the fact that Ip changes the chirality of a Weyl spinor, and that the subspaces L 2 (M, S) + 
and L 2 (M, S)~ are orthogonal, we can rewrite this term as 

(Ip 1)0 = l -(J M X, + \(Jm%, #X>- 

Using the symmetry of the form {JmXi JP^)-, we obtain 

[Ip ® 1)0 = (JmxM) = -*<JjuX,7 M V^>. 

Note that the factor | has now disappeared in the result, and this is the reason why this factor 
is included in the definition of the fermionic action. The second term is given by 

\{JI (f ® B^) = ~{J M XL,-fY^ R ) - \(JmXr,1»Y$ l ) 

+ \{Jm^r,1^Xl) + \{Jm^l,^Y^Xr)- 

In a similar manner as above, we obtain 

\{JI (y ® B„)l) = -(JiuZ-fYrf), 
where we have used that the form {JmXi l^Y^ip) is anti-symmetric. The third term is given by 

-(J£, (75 ® Dp)l) = -{JmXL^^l) + ^(JMXR:dj5^R) 

+ ^(JM^R,dj 5 XR) + ^(JM'4'L,dj5XL)- 

The bilinear form {JmXi 75^) is again symmetric, but we now have the extra complication that 
two terms contain the parameter d, while the other two terms contain d. Therefore we are left 
with two distinct terms: 

^(JL (75 ® D F )0 = (JmXl^l) ~ (JMXR,di> R ). □ 

Remark 4.4. It is interesting to note that the fermions acquire mass terms without being 
coupled to a Higgs field. However, it seems we obtain a complex mass parameter d, where we 
would desire a real parameter m. By simply requiring that our result should be similar to (3.4), 
we will choose d := —im, so that 

{JmXL-A^l) - {JMXR,d$ R ) = i(j M X,nT-tjj). 

The results obtained in this section can now be summarized into the following theorem. 
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Theorem 4.5. The full Lagrangian of the almost commutative manifold 

M x F ED = [C™(M,£ 2 ),L 2 (M,S)®C A ,Lp®I + ^®D F , lh ® lF ,J M ®J F ) 
as defined in this section, can be written as the sum of a purely gravitational Lagrangian, 

and a Lagrangian for electrodynamics, 

Ced = ~i(j M X, (7 M (V^ - iY^) - m)$) + ^fWV"- 

Proof. The spectral action S& and the fermionic action Sf are given by Propositions 4.2 and 4.3. 
We shall now absorb all numerical constants into the Lagrangians as well. This immediately 
yields £ grav . To obtain C EO , we need to rewrite the fermionic action Sf as the integral over a 
Lagrangian. The inner product ( , ) on the Hilbert space L 2 (S) is given by 

(£,^>= / (t^)VW\d 4 x, 
JM 

where the hermitian pairing ( , ) is given by the pointwise inner product on the fibres. Choosing 
d = —im as in Remark 4.4, we can then rewrite the fermionic action into 

S f = - J i(j M X, (7 M (V£ - iY„) - m)$) \^d 4 *. □ 
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